A typical predictive regression employs a multitude of potential regressors with various degrees of persistence while their signal strength in explaining the dependent variable is often low. Variable selection in such context is of great importance. In this paper, we explore the pitfalls and possibilities of the LASSO methods in this predictive regression framework with mixed degrees of persistence. With the presence of stationary, unit root and cointegrated predictors, we show that the adaptive LASSO maintains the consistent variable selection and the oracle property due to its penalty scheme that accommodates the system of regressors. On the contrary, conventional LASSO does not have this desirable feature as the penalty is imposed according to the marginal behavior of each individual regressor. We demonstrate this theoretical property via extensive Monte Carlo simulations, and evaluate its empirical performance for short-and long-horizon stock return predictability.
Introduction
Predictive regression models are extensively used in empirical macroeconomics and finance. A leading example is the stock return regression model where predictability has been a long standing goal. The first central econometric issue in these models is the severe test size distortion in the presence of highly persistent predictors coupled with regression endogeneity. When persistence and endogeneity loom large, the conventional inferential tools designed for stationary data can be misleading. Another major challenge in predictive regression is the low signal-to-noise ratio (SNR). Nontrivial regression coefficients representing predictability are hard to detect, because they are often contaminated by large estimation error. A large econometric literature is devoted to procedures for valid inference and improved prediction.
Machine learning arises in the era of big data. The advancement in machine learning techniquesdriven by unprecedented abundance of data sources across many disciplines-offers opportunities for economic data analysis. Shrinkage methods, in particular, are increasingly popular for the econometric inference and prediction in view of its variable selection and regularization properties. The least absolute shrinkage and selection operator (LASSO; Tibshirani, 1996) has received much attention in the past two decades.
This paper studies LASSO methods in predictive regressions. The intrinsic low SNR in predictive regressions naturally calls for variable selection. A researcher may throw in ex ante a pool of candidate regressors, hoping to catch a few important predictors. The more variables the researcher attempts, the more important is a data-driven method for variable selection, since many of these variables ex post demonstrate little or no predictability. LASSO-type shrinkage methods are therefore attractive in the predictive regressions as they enable researchers to select the pertinent predictors and to exclude the irrelevant ones. However, time series regressors in predictive regressions have heterogeneous degrees of persistence. Some may exhibit short memory (e.g., Treasury bill), whereas others are highly persistent (e.g., most of financial/macro predictors). Moreover, a multitude of persistent predictors can be cointegrated. For example, the dividend payout ratio (DP ratio) is essentially a cointegrating residual between the dividend and price, and the so-called cay data (Lettau and Ludvigson, 2001 ) is another cointegrating residual between consumption, asset holdings and labor income. The property of LASSO methods under the mixed regressor persistence has not yet been systematically investigated.
The performance of LASSO procedure crucially hinges on the choice of the tuning parameter. In this paper, we keep an agnostic view about the type of the regressors, and we examine whether a single tuning parameter can cope with the heterogeneous regressors. In particular, we explore the plain LASSO (Plasso, henceforth; Tibshirani, 1996) , the standardized LASSO (Slasso. See below for the definition) and the adaptive LASSO (Alasso; Zou, 2006) with three categories of regressors: noncointegrated unit root (I(1)) regressors, cointegrated regressors, and short memory (I(0)) regressors. The different degrees of persistence of the regressors defies the conventional wisdom of the variable screening property of Plasso and Slasso.
The main contribution of this paper is unveiling Alasso's capability of handling a system of heterogeneous regressors in predictive regressions. With a proper choice of the tuning parameter, Alasso achieves the oracle property (Fan and Li, 2001) , which implies optimal rate of convergence and consistent variable selection, despite the presence of a mixture of heterogeneous regressors. To our knowledge, this paper is the first to demonstrate these desirable properties of Alasso in nonstationary time series context. On the contrary, Plasso and Slasso impose penalty of the coefficients only according to the marginal behavior of each individual regressor. Thus in the cointegration system they fail to simultaneously achieve consistent coefficient estimation and variable screening.
We consider a linear process of the time series innovations, which encompasses a general ARMA structure arising in many practical applications, for example, the long-horizon return prediction. To focus on the distinctive feature of nonstationary time series, we adopt a simple asymptotic framework in which the number of regressors p being fixed and the number of time periods n passes to infinity. Our exploration in this paper paves a stepping stone toward the automated variable selection in a high-dimensional predictive regression with heterogeneously persistent regressors.
In Monte Carlo simulations, we examine the finite sample performance of Alasso in comparison with Plasso and Slasso, assessing their mean squared prediction errors and the variable selection success rates. These methods are further evaluated in a real data application of the widely used Welch and Goyal (2008) data to predict S&P500 stock return using 12 predictors. Alasso is shown to be robust in various estimation windows and prediction horizons.
Literature Review Since Tibshirani (1996)'s original paper of LASSO and Chen et al. (2001) 's basis pursuit, a variety of important extensions of LASSO have been proposed; for example Alasso (Zou, 2006) and elastic net (Zou and Hastie, 2005) , to name a few. In econometrics, Caner (2009) and Caner and Zhang (2014) employ the LASSO-type procedures in GMM contexts. Belloni and Chernozhukov (2011) , Belloni et al. (2012) , Belloni et al. (2014) , develop new methodologies and uniform statistical theories for estimation and inference in a variety of microeconometric settings.
In comparison with the vast literature of LASSO in cross sectional regressions, shrinkage methods are less explored in time series models. Medeiros and Mendes (2016) study Alasso method in highdimensional stationary time series models. Kock and Callot (2015) discuss LASSO in a vector autoregression (VAR) system. In the time series forecasting context, Inoue and Kilian (2008) apply various model selection and model averaging methods to forecast U.S. consumer price inflation. Hirano and Wright (2017) develop a local asymptotic framework with iid orthonormalized predictors to study the risk properties of several machine learning estimators. Even fewer are papers on LASSO with nonstationary data. Caner and Knight (2013) discuss the bridge estimator, a generalization of LASSO, for the augmented Dicky-Fuller test in autoregression. Under the same setting, Kock (2016) investigates consistent variable selection by Alasso. In a vector error correction model (VECM), Liao and Phillips (2015) use Alasso for cointegration rank selection.
In predictive regressions, Kostakis et al. (2014) , Lee (2016) and Phillips and Lee (2013, 2016) provide inferential procedures in the presence of multiple predictors with various degrees of persistence. Xu (2018) studies variable selection and inference with possible cointegration among the I(1) predictors. Koo et al. (2016) recently investigate the property of Plasso in predictive regressions. The last two papers are closely related to ours, while we investigate Alasso's variable selection in predictive regressions under mixed degrees of persistence.
Notation We use standard notations. We define · 1 and · 2 as the usual vector l 1 -norm and l 2 -norm respectively. =⇒ and p → represent convergence in distribution and convergence in probability, respectively. All limit theory assumes n → ∞ so we oftentimes omit this condition.
means of the same asymptotic order, and ∼ signifies "being distributed as" either exactly or asymptotically, depending on the contexts. We use a ∨ b := max{a, b} and a ∧ b := min{a, b} for any a, b ∈ R. The symbols O (1) and o(1) (O p (1) and o p (1)) are (stochastically) asymptotically bounded or negligible quantities. For a generic set M , let |M | be the cardinality of the set. For a generic vector θ = (θ j ) p j=1
with p ≥ |M |, let θ M = (θ j ) j∈M be the subvector of θ associated with the index set M .
The rest of the paper is organized as follows. Section 2 introduces the unit root regressors into a simple LASSO framework to clarify the idea. This model is substantially generalized in Section 3 to include I(0), I(1) and cointegrated regressors, and the asymptotic properties of Alasso are developed and compared with those of Plasso and Slasso. The theoretical results are explored through a set of empirically relevant simulation designs in Section 4. Last but not least, we examine the stock return regressions via these LASSO methods in Section 5.
LASSO Theory with Unit Roots
In this section, we study LASSO with p unit root regressors. To fix ideas, we investigate the asymptotic behavior of Alasso, Plasso, and Slasso under a simple nonstationary regression model. This model helps us understand the technical issues in LASSO arising from nonstationary predictors under the conventional choices of tuning parameters. Section 3 will generalize the model to include I(0), I(1) and cointegrated predictors altogether.
Assume the dependent variable y i is generated from a linear model
where n is the sample size. The p × 1 true coefficient
, where β 0 * j ∈ R is a fixed constant independent of the sample size, and δ j ∈ [0, 1). Without loss of generality, define δ j = 0 if β 0 * j = 0; thus β * jn varies with the sample size if β 0 * j = 0 and δ j ∈ (0, 1). This type of local-to-zero coefficient is designed to balance the I(0)-I(1) relation between the stock return and the unit root predictors, as well as to model the weak SNR in predictive regressions (Phillips and Lee, 2013; Timmermann and Zhu, 2017) . 1 The 1 × p regressor vector x i· = (x i1 , . . . , x ip ), with
where the innovation e k· = (e k1 , ..., e kp ). For simplicity, we assume the initial value e 0· = 0 p , and the following iid assumption on the innovations.
Assumption 2.1 The vector of innovation e i· and u i follow the joint distribution
where Σ is positive-definite.
The regression equation (1) can be equivalently written as
where y = (y 1 , . . . , y n ) is the n × 1 response vector, u = (u 1 , . . . , u n ) , x j = (x j1 , . . . , x jn ) , and X = [x 1 , . . . , x p ] is the n × p predictor matrix. This pure I(1) regressor model in (3) is a direct extension of the common predictive regression application with a single unit root predictor (e.g., DP ratio). The mixed roots case in Section 3 will be more relevant in practice when multiple predictors are present. The literature focuses on the non-standard statistical inference caused by persistent regressors and weak signal. The asymptotic theory is usually confined to a reasonable number of candidate predictors, but not too many. Following the literature of predictive regressions, we consider the asymptotic framework in which p is fixed and the sample size n → ∞. 2 This simple asymptotic framework allows us to focus on the contrast between the standard LASSO literature and the predictive regression environment that involves nonstatioary regressors.
Under this framework, one can learn the unknown coefficients β * n from the data by running OLS β ols = arg min
whose asymptotic behavior is well understood (Phillips, 1987) . Assumption 2.1 implies the following functional central limit theorem
To represent the asymptotic distribution of the OLS estimator, let u
which is the sum of a (mixed) normal random vector and a scaled nonstandard random vector. The OLS limit distribution is
where Ω := 1 0 B x (r)B x (r) dr. In addition to the low SNR in predictive regressions, some true coefficients β 0 * j in (3) could be exactly zero so that the associated predictors are redundant in the regression. Let M * = {j : β 0 * j = 0} be the set of relevant regressors, and M * c = {1, . . . , p} \M * be the set of redundant ones. If we had prior knowledge about M * , ideally we would estimate the unknown parameter by OLS in the set M * : β oracle = arg min
where p * = |M * | is the number of relevant regressors. We call this the oracle estimator, and (5) implies that its asymptotic distribution is
where Ω M * is the p * × p * submatrix Ω jj j,j ∈M * and ζ M * is the p * × 1 subvector (ζ j ) j∈M * .
The oracle information about M * is infeasible in practice. It is well known that machine learning methods such as LASSO and its variants have built-in mechanism for variable screening. Next, we study LASSO's asymptotic behavior in the predictive regression with these pure unit root regressors.
Adaptive LASSO with Unit Root Regressors
Alasso for (1) is defined as
where the weight is τ j = | β init j | −γ for some initial estimator β init , and λ n and γ are the two tuning parameters. In practice, γ is often fixed at either 1 or 2, and λ n is selected as the main tuning parameters. Throughout this paper, we discuss the case of a fixed γ ≥ 1 and β init = β ols . Alasso enjoys the oracle property in regressions with weakly dependent regressors (Medeiros and Mendes, 2016) .
The following Theorem 2.1 confirms that Alasso maintains the oracle property in the regression with unit root regressors. For a generic index set M , let M n = {j : β Alasso j = 0} be Alasso's estimated active set, and let δ = max j≤p δ j .
Theorem 2.1 Suppose the linear model (1) satisfies Assumption 2.1. If the tuning parameter λ n is chosen such that λ n → ∞ and
Theorem 2.1 (a) shows that the estimated active set M n coincides with the true active set M * with probability approaching to one. (b) indicates that Alasso's asymptotic distribution in the true active set is the same as the oracle estimator with known M * .
In this nonstationary regression, the adaptiveness is maintained through the proper choice of τ j = | β ols j | −γ . On the one hand, when the true coefficients are non-zero, τ j delivers a penalty of a negligible order λ n n γδ−1 = o(1), recovering the OLS limit theory. On the other hand, if the true coefficients are zero, τ j imposes a heavier penalty of the orderλ n n γ−1 → ∞, thereby achieving consistent variable selection. We generalize the intuition provided in (Zou, 2006, Remark 2) under the deterministic design to the setting with nonstationary regressors.
Remark 2.2 In Theorem 2.1, we observe some interconnected rate conditions between λ n ,δ and γ. To achieve the oracle asymptotic distribution in M * , we need a rate condition of λn n 1−γ·δ → 0. In the meantime, λ n n γ−1 → ∞ is required to penalize the zero coefficients in M * c . Consider the usual formulation of the tuning parameter λ n = c λ b n n 1 2 . If we substitute this λ n into the restriction, we have
When δ = 1/2 (a balancing order for I(0)-I(1) regression) and γ = 1, the restriction is further simplified to b n + 1 bnn 1/2 → 0. Any slowly shrinking sequence such as b n = (log log n) −1 , which is commonly imposed in the adaptive LASSO literature in cross section regressions, satisfies this rate condition.
Given the positive results about adaptive LASSO with unit root regressors, we continue to study Plasso and one of its simple variant, which we call Slasso.
Plain LASSO with Unit Roots
LASSO produces a parsimonious model as it tends to select the relevant variables. In this paper, Plasso is defined as β P lasso = arg min
Plasso is a special case of the penalized estimation in (6) with the weights τ j , j = 1, . . . , p, fixed at unity. The following results characterize its asymptotic behavior with various choices of λ n under unit root regressors. For exposition, we define a function D as
for three generic vectors s, v, and β of the same dimension.
Corollary 2.3 Suppose the linear model (1) satisfies Assumption 2.1.
(c) If λ n /n → ∞, and λ n /n 2−δ → 0,
Remark 2.4 Corollary 2.3 echoes, but is different from, Zou (2006, Section 2). Under the unit root regressor framework, (a) implies that the conventional tuning parameter λ n √ n is too small for variable selection. With such a choice, the asymptotic distribution is the same as that of OLS. (b) shows that the additional term c λ D(1 p , v, β 0 * ) will affect the limit distribution when λ n is enlarged to the order of n. In this case, the asymptotic distribution is given as the minimizer of a criterion function involving Ω, ζ and the true coefficient β 0 * . Similar to LASSO in the cross sectional setting, there is no guarantee for consistent variable selection. 3 When we enlarge λ n even further, (c) indicates that the convergence rate is slowed down to β P lasso − β * n = O p (λ n /n 2 ). Notice that the asymptotic distribution arg min v v Ωv + D(1 p , v, β 0 * ) is non-degenerate due to the randomness of Ω. This is in sharp contrast to Zou (2006)'s Lemma 3, which shows a degenerate asymptotic distribution as the Gram matrix there converges to a positive-definite non-random matrix. Regarding the implication for the variable selection, similar to Zou's insight, we conclude that the plain LASSO's variable selection is in general inconsistent with unit root regressors.
Standardized LASSO with Unit Roots
Given that the usual choice of λ n being too small for Plasso to conduct variable screening, one may consider a popular alternative. Plasso is scale-variant in the sense that if we change the unit of x j by multiplying it with a non-zero constant c, such a change is not reflected in the penalty term in (7) so Plasso estimator does not change proportionally to β P lasso j /c. To keep the estimation scale-invariant to the choice of arbitrary unit of x j , researchers often scale-standardize LASSO as
where
2 is the sample standard deviation of x j . In this paper, we call (8) the standardized LASSO. Such standardization is the default option for LASSO in many statistical packages, for example the R package glmnet. Slasso is another special case of (6) with τ j = σ j . When such a scale standardization is carried out with stationary and weakly dependent regressors, each σ 2 j converges in probability to its population variance, which is finite. Standardization does not alter the convergence rate of the estimator. In contrast, when x j has a unit root, from (4) we have
so that σ j = O p ( √ n). As a result, it imposes a much heavier penalty on the associated coefficients than that of the stationary time series case. Adopting a standard argument for LASSO as in Knight and Fu (2000) and Zou (2006) , we have the following asymptotic distribution for β Slasso . Let
Corollary 2.5 Suppose the liner model (1) satisfies Assumption 2.1.
Remark 2.6 In Corollary 2.5 (a), the range of the tuning parameter to restore the OLS asymptotic distribution is much smaller than that in Corollary 2.3 (a), due to the magnitude of d. When we increase λ n as in (b), the term D(d, v, β 0 * ) will generate the variable screening effect under the usual choice of tuning parameter λ n √ n. In contrast, its counterpart D(1 p , v, β 0 * ) emerges in Corollary 2.3 when λ n n. While the first argument of D(·, v, β 0 * ) in Plasso is the unit vector 1 p , in Slasso it is replaced by the random vector d, which introduces an extra source of randomness in the variable screening. Again, in general Slasso has no mechanism to achieve consistent variable selection. An even large λ n as in (c) only slows down the rate of convergence but does not help with variable selection.
To summarize this section, in the regression with unit root predictors, Alasso retains the oracle property under the usual choice of the tuning parameter. For Plasso to screen variables, we need to lift the tuning parameter up to the order of n. For Slasso, although λ n √ n is sufficient for variable screening, the sample variance of the nonstationary regressors carries the random vector d into the limit theory, affecting the variable screening.
The unit root regressors are shown to alter the asymptotic properties of the conventional LASSO methods. In practice, we often encounter a multitude of candidate predictors that exhibit various dynamic patterns. Some are stationary, while others can be highly persistent and may be cointegrated. In the following section, we will show that the conventional LASSO methods behave even more irregularly under the mixed persistence environment.
LASSO Theory with Mixed Roots and Cointegration
In this section, we extend the model in Section 2 to allow I(0) and I(1) regressors with possible cointegration among those I(1) regressors. The LASSO theory in this section will provide a general guidance for multivariate predictive regressions in practice.
Model
In this model we introduce three types of predictors. Assume that the dependent variable y i is generated from the linear model
for i = 1, . . . , n, where
, and x i· = (x i1 , ..., x ipx ) represent the stationary, cointegrated, and unit root regressors, respectively, and p = p z + p c + p x . Each x l = (x 1l , ..., x nl ) , l = 1, . . . , p x , is a unit root predictor (initialized at zeros for simplicity) as that in Section 2. Regarding the cointegration system, let p 1 be the cointegration rank, so that p 2 = p c − p 1 is the number of unit roots in the cointegration system. A triangular representation 4 governs the 1 × p c predictor x c i· as
. Given the data of sample size n, the empirical model is
expression can be represented as
where φ * 2 = φ * 1 +φ * 2 and φ * 1 = A 1 φ * 1 . The coefficients φ * 1 and φ * 2 signify the effects of the cointegration residuals and the unit roots in the cointegration system, respectively. To ensure this model's validity, we keep φ * 2 and β * sufficiently small to maintain the stationarity of y. As an asymptotic mechanism, we use the same local-to-zero modeling as in Section 2 for the coefficients of the I(1) regressors, so φ * 2 offsets the non-zero full rank component A 1 φ * 1 , leading to a small φ * 2 . We explicitly define α * = α 0 * and φ * 1 = φ 0 * 1 as two coefficients independent of the sample size, as they are associated with the stationary components Z and V 1 in (13). On the other hand, similar to the modeling approach in Section 2, for the unit root variables we define
as two local-to-zero coefficients, in which φ 0 * 2,l and β 0 * l are invariant with n while n δ l determines the rate of shrinking to zero when the sample size increases.
OLS theory with mixed roots
We assume a linear process for the innovation and cointegrating residual vectors. In contrast to the unrealistic iid assumption in Section 2, the linear process assumption is fairly general, including many practical dependent processes (stationary AR and MA processes, for example) as special cases.
Assumption 3.1 [Linear Process] The vector of the stacked innovation follows the linear process:
Remark 3.1 Following the cointegration and predictive regression literature, we allow the correlation between the regression error ε ui and the innovation of nonstationary predictors ε ei . However, in order to ensure identification we rule out the correlation between ε ui and the innovation of stationary or the cointegrated predictors.
as the long-run covariance matrices associated with the innovation vector, where F (1) = (F z (1) , F v (1) , F e (1) , F u (1)) . Moreover, define the sum of one-sided autocovariance as Λ = ∞ h=1 E ξ i ξ i−h , and ∆ = Λ + E (ξ i ξ i ). We use the functional law (Phillips and Solo, 1992) under Assumption 3.1 to derive
which will serve as a normalizing matrix for any cointegrating rank p 1 with 0 < p 1 < p c . We "extend" the I(0) regressors as Z + = [Z, V 1 ] and the I(1) regressors as
according to the explicit form of Σ ε . Then the left-top p × p submatrix of Ω, which we denote as
[Ω] p×p , can be also represented conformably,
The Beveridge-Nelson decomposition and weak convergence to stochastic integral lead to
where the one-sided long-run covariance matrix
. Jointly these two components converge in distribution to a stable law
although it is difficult to express ζ + analytically. We first study OLS, the initial estimator for Alasso. For notational convenience, define the predictor matrix
and the parameter θ * n p×1
We establish the following theorem about the asymptotic distribution of the OLS estimator θ ols n = (W W ) −1 W y. 
Remark 3.3 Theorem 3.2 and the definition of ζ x + implies that an asymptotic bias term ∆ +u appears in the limit distribution of OLS with nonstationary predictors. This asymptotic bias arises from the serial dependence in the innovations. However, the asymptotic bias does not affect the rate of convergence
The rates of convergence of the OLS estimator helps to study the asymptotic behavior of Alasso. In principle, either the fully-modified OLS (Phillips and Hansen, 1990) or the canonical cointegrating regression estimator (Park, 1992) can be an initial estimator as well because the convergence rates are same. Note that we keep an agnostic view about the identities of the stationary, unit root and cointegrated regressors, so Theorem 3.2 cannot be used for statistical inference as we do not know which coefficients converges at the n −1/2 -rate and which at the n −1 -rate.
Next, we study the asymptotic behavior of Alasso in this mixed roots scenario.
Adaptive LASSO with mixed roots
Similarly to Section 2.1, we define Alasso under the system of (12) as
The following theorem confirms that Alasso maintains the oracle property in the presence of stationary, unit root and cointegrated regressors.
. . , p z + p c } and I 1 = {p z + p c + 1, . . . , p}, which are the index sets associated with z i· , x c 1i· , x c 2i· and x i· , respectively. We keep using M n = {j : θ Alasso j = 0} as the estimated active set and M * = {j : θ 0 * j = 0} as the true active set, where
The definition of θ 0 * j for j ∈ C 2 ensures that it reflects the effect of φ * 2n = φ * 2n − φ 0 * 1 . Letδ be the biggest δ l among β * l0 /n δ l px l=1
Theorem 3.4 Suppose that the linear model (10) satisfies Assumption 3.1. If the tuning parameter λ n is chosen such that λ n → ∞ and
then, we have (a) Variable selection consistency:
Remark 3.5 The rate condition for the tuning parameter λ n in Theorem 3.4 implies the conditions in Theorem 2.1 as a special case, as long as γ ≥ 1, and δ ≥ 1/2. The condition (18) is reasonable because, (i) we choose γ ≥ 1 in practice to prevent Alasso implementation from being non-convex optimization, and (ii) δ ≥ 1/2 is the balancing order of I(0)-I(1) predictive regression applications. A single rate of the tuning parameter λ n in Theorem 3.4 is able to cope with all the stationary, unit root and cointegrated regressors.
Remark 3.6 Another related results in the literature are uniformly valid inference and forecasting after the LASSO model selection, see Belloni et al. (2015 or Hirano and Wright (2017), for example. These papers allow the so-called model selection error by LASSO, and provide the valid inference or prediction by introducing local limit theory with small departures from the true models. Combining these recent developments with our current LASSO theory with mixed roots would be interesting future research but we do not pursue here.
Caner and Knight (2013) and Kock (2016) studied Alasso's rate adaptiveness in the pure autoregressive setting with iid error processes. In their cases, the potential nonstationary regressor is the first-order lagged dependent variable while other regressors are stationary. Therefore, the components of different convergence rates are known in advance. We complement this line of nonstationary LASSO literature by allowing a general regression framework with mixed degrees of persistence. We also generalize the error processes to the commonly used dependent processes, which is important in practice. For example, the long-horizon return regression in Section 5 requires this type of dependence in their error structure because of the overlapping return construction. Moreover, our research provides a valuable guidance for practice. Faced with a variety of potential predictors with unknown orders of integration, we may not be able to sort them into different persistence categories in predictive regressions. Theorem 3.4 provides a simple condition leading to a desirable oracle property without requiring prior knowledge on the persistence of multivariate regressors.
Given the intensive study of LASSO-type estimation in recent years, Theorem 3.4 still comes as a surprise. With the cointegration system in the predictors, our result shows that Alasso not only adapts to the marginal behavior of single regressors, but also automatically adapts to the behavior of a system of regressors. Such adaptiveness to a cointegration system has not been explored in the literature, to the best of our knowledge. In contrast, the weight τ j in (17) is a constant for Plasso or exploits merely the marginal variation of x j for Slasso. As will be formally discussed in the following section, such weighting schemes are unable to tackle the cointegrated regressors. Since the cointegrated regressors are individually unit root processes, only when classified into a system can we form a linear combination of these unit root processes to produce a stationary time series. Alasso implicitly assigns appropriate level of penalty inside the cointegration system without knowing the identity of these variables.
Conventional LASSO with mixed roots
We now study the asymptotic theory of Plasso
under the system of (12).
Corollary 3.7 Suppose the linear model (10) satisfies Assumption 3.1.
Remark 3.8 In Corollary 3.7(a), the tuning parameter is too small and the limit distribution of Plasso is equivalent to that of OLS; there is no variable screening effect. When the tuning parameter is raised to the case of (b), the term D 1, v j , θ 0 * j strikes variable screening. However, variable screening takes place only in the stationary part, while the tuning parameter is still too small for variable screening in the nonstationary part. Such difficulty is caused by the different rates of convergence between the estimated coefficients associated with the stationary regressors and the nonstationary ones. Since Ω + is a block diagonal matrix, we can write down the marginal distributions
It is clear that no variable screening is executed in the nonstatioary component. If we further increase the tuning parameter as in the case of (c), then the convergence rate of the I(0) part is dragged down by the large λ n but still no variable screening in the I(1) part. Moreover, it implies inconsistency of θ P lasso
The result in Corollary 3.7 reveals a major drawback of Plasso in the mixed root model. Since it has one single rate for the tuning parameter, it is not adaptive to these various types of predictors. There is no way for Plasso to achieve variable screening and consistent estimation simultaneously in the I(0) and I(1) predictors.
Let us now turn to Slasso, defined as
The stationary regressors are accompanied with σ j = O p (1) for j ∈ I 0 ∪ C 1 , while the nonstationary regressors are coupled with σ j = O p ( √ n) for j ∈ C 2 ∪ I 1 . According to the following results on the asymptotic properties, Slasso suffers similar problems as Plasso does.
Corollary 3.9 Suppose the linear model (10) satisfies Assumption 3.1.
(c) When λ n → ∞ and λ n /n (1−δ)∧0.5 → 0, then
Remark 3.10 The tuning parameter in Corollary 3.9(a) is √ n-order smaller than that in Corollary 3.7(a) to produce the same asymptotic distribution as OLS. The distinction arises from the coefficients in the set C 1 associated with the cointegration residuals. Their corresponding penalty terms have the multipliers
. In other words, the penalty level is too heavy for these parameters. The overwhelming penalty level incurs variable screening effect as soon as λ n = c λ ∈ (0, ∞), as in (b). Moreover, (c) implies that for the consistency of φ 1 the tuning parameter λ n must be small enough in the sense λ n / √ n → 0. In this case, no variable screening is possible for all other coefficients in the index set I 0 ∪ C 2 ∪ I 1 . If we further raise λ n to λ n / √ n → c λ ∈ (0, ∞), those φ 1 will be inconsistent for φ 0 1 . Again, simultaneously for all components there is no way for Slasso to achieve consistent parameter estimation and variable screening.
To sum up this section, in the general model with various types of regressors, Alasso maintains the oracle property under the standard choice of the tuning parameter. It echoes our finding in Section 2, which is one special case of the mixed root model in this section. In contrast, Plasso using the single tuning parameter does not adapt to the different order of magnitudes of the stationary and nonstationary regressors. Slasso suffers from overwhelming penalties for those coefficients associated with the cointegrating residuals. Keeping an agnostic view about the persistence of the regressors, we recommend Alasso in the multivariate predictive regression with potential mixed roots.
Monte Carlo Simulation
In this Section, we examine via simulation the LASSO-type methods' performance in forecasting and variable screening. We consider the different sample sizes n to demonstrate the validity of the asymptotic theory in finite sample. All the comparison is based on the one-period-ahead forecast y n+1 .
Simulation Design
To echo the settings in Section 2 and 3, we consider two data generating processes (DGPs): one with pure unit root regressors and the other with mixed roots and cointegration. Appendix B.1 will include two more DGPs using lagged dependent variables as regressors.
DGP 1 (Pure unit roots). Consider a linear model with eight unit root predictors, x i = x i1 x i2 · · · x i8 where x ij are drawn from independent random walk processes x ij = x i−1,j +e ij , e ij ∼ i.i.d. N (0, 1). The dependent variable y i is generated by y i+1 = γ * + x i β * n + u i where the intercept γ * = 0.25, and β * n = (1, 1, 1, 1, 0, 0, 0, 0) / √ n. The idiosyncratic error u i follows i.i.d. standard normal distribution, so does those u i 's in the other three DGPs.
DGP 2 (Mixed roots and cointegration). This DGP corresponds to the generalized model in Section 3. The dependent variable y i is generated by and the loading matrix, respectively. In the error term e i = (e i1 , e i2 , e i3 , e i4 ) , we set e i2 = e i1 − ν 1i and e i4 = e i3 − ν 2i , where ν 1i and ν 2i are independent AR(1) processes with the AR(1) coefficient 0.2. x i1 and x i2 are independent random walks as those in DGP 1.
As we develop our theory with regressors of fixed dimension, the OLS is a natural benchmark. Another benchmark is the oracle OLS, in which the true model is known and thus employed. This oracle OLS estimator is of course infeasible in reality. The sample sizes in our exercise range n = 40, 80, 120, 200, 400 and 800. For each simulation setting, we generate the data with 1000 burn-in periods and run 1000 replications for each sample size n.
In the simulations as well as the empirical application later, we do not penalize the intercept when implementing the shrinkage estimators. Each shrinkage estimator relies on its tuning parameter λ n , which is the appropriate rate multiplied by a constant c λ . We use 10-fold cross validation, where the sample is temporally ordered and then partitioned into 10 consecutive blocks, to guide the choice of c λ . To make sure that the tuning parameter changes according to the rate we specify in the asymptotic theory, we set n = 200 and run an exploratory simulation for 100 times for each method that requires a tuning parameter. In each replication, we use the 10-fold cross-validation to obtain c in the full scale 1000 replications. To set the tuning parameters in other sample sizes when n = 200, we multiply the constant c λ that we have learned from n = 200 by the rates that our asymptotic theory suggests; that is, we multiply c λ by √ n for Plasso or Slasso, and by √ n/ log(log(n)) for Alasso. Table 1 reports the out-of-sample prediction accuracy in terms of the mean prediction squared error (MPSE), E (y T +1 − y T +1 ) 2 . By the simulation design, the variance of the idiosyncratic error is 1, which is the unpredictable variation. Table 2 summarizes the variable screening performance. Recall that the set of relevant regressors as M * = j ∈ {1, . . . , p} : θ * j = 0 and the estimated active set is M = j ∈ {1, . . . , p} : θ j = 0 . We define two success rates for variable screening:
Performance Comparison
Here SR 1 is the percentage of the correct selection in the active set, whereas SR 2 is the percentage of correct elimination of the zero coefficients. We also report the overall success rate of classification into zero coefficients and non-zero coefficients
where I(·) is the indicator function. These expectations are computed by the average in the 1000 simulation replications. According to Table 1 , the shrinkage methods always outperform OLS. Plasso and Slasso are slightly better in forecasting than adaptive LASSO in DGP 1 of pure unit root regressors. As the sample size increases to n = 800, Alasso eventually surpasses the conventional LASSO estimators. In DGP 2 of mixed regressors, the setting is more complicated for the conventional LASSO to navigate. Except for the smallest sample size n = 40, Alasso outperforms the competitors in terms of MPSE by a nontrivial edge.
The forecasting performance is associated with the variable screen effect, which is reported in Table 2 . In DGP 1, Plasso and Slasso are not far behind Alasso. The advantage of Alasso in variable screening becomes more prominent in DGP 2 of mixed roots and cointegration. Alasso outperforms the competitors in SR, and the gain is large in SR 2 . As sample size increases, all SR, SR 1 and SR 2 of Alasso increase in both DGPs, which supports the variable screening consistency of Alasso. The asymptotic theory suggests λ n ∼ √ n is too small for Plasso to eliminate 0 coefficients corresponding to I(1) regressors. Plasso and Slasso achieve high SR 1 at the cost of low SR 2 , i.e. they tend to keep more active regressors even some of the selected ones are redundant. As the sample size increases, the difference in SR 1 among methods becomes negligible. 5 In view of the results in Table 1 , the clear effectiveness of Alasso's variable screening capability helps with forecast accuracy in the context of predictive regressions where many included regressors actually exhibit no predictive power.
Empirical Illustration
This section presents some empirical illustration on stock return predictability with the updated Welch and Goyal (2008) dataset. We focus on the potential improvement in terms of MPSE and some meaningful variable selection results using Alasso.
Data
As in Koo et al. (2016), we use the monthly Welch and Goyal (2008) data from January 1945 to December 2012. The dependent variable is excess return, defined as the difference between the continuously compounded return on the S&P 500 index and the three-month Treasury bill rate. The data include 12 financial and macroeconomic variables as predictors. 6 Over the whole sample period, the excess return has an estimated AR(1) coefficient of 0.1494, indicating moderate persistence, similar to the long-term return of government bonds (ltr), stock variance (svar) and inflation (infl). The other 9 predictors exhibits high persistence, with AR(1) coefficients greater than 0.95. The mixture of stationary predictors and persistent predictors fits the mixed roots environment studied in this paper. 5 In Table 2 Slasso has the lowest variable elimination success rate SR2, whereas in asymptotics it imposes heavier penalty on coefficients of I(1) regressors than Plasso does due to the presence of τj = σj = Op ( √ n) in the penalty term. The reason is that we fix c , SR2 of Slasso would become much higher. 6 The predictors include the Dividend Price Ratio (dp), the difference between the log of the 12-month moving sum dividends and the log of the S&P 500 index; Dividend Yield (dy), the difference between the log of the 12-month moving sum dividends and the log of lagged the S&P 500 index; Earning Price Ratio (ep), the difference between the log of the 12-month moving sum earnings and the log of the S&P 500 index; Term Spread (tms), the difference between the long-term government bond yield and the Treasury Bill rate; Default Yield Spread (dfy), the difference between Moody's BAA and AAA-rated corporate bond yields; Default Return Spread (dfr), the difference between the returns of long-term corporate bonds and long-term government bonds; Book-to-Market Ratio (bm), the ratio of the book value to market value for the Dow Jones Industrial Average; Treasury Bill Rates (tbl), the 3-month Treasury Bill rates; Long-Term Return (ltr), the rate of returns of long-term government bonds; Net Equity Expansion (ntis), the ratio of the 12-month moving sums of net issues by NYSE listed stocks over the total end-of-year market capitalization of NYSE stocks; Stock Variance (svar), the sum of the squared daily returns on the S&P 500 index; Inflation (infl), the log growth of the Consumer Price Index (all urban consumers). As recognized in the literature, the signal of persistent predictors may become stronger in longhorizon return prediction (Cochrane, 2009) . In addition to the one-month-ahead short-horizon prediction, we also construct the long-horizon excess return as the sum of continuous compounded monthly excess return on the S&P 500 index,
where h is the length of the forecasting horizon. h = 1 stands for one year. We choose h = 
Performance Comparison
We apply the set of feasible forecasting methods as in Section 4 to forecast both short-horizon and long-horizon stock returns recursively with both 10-year and 15-year rolling windows. In addition to OLS, we include the random walk with drift (RWwD), i.e. we take the historical average of the excess returns, y n+1 = 1 n n i y i , as another benchmark. All variables are included in the predictive regression, to which Welch and Goyal (2008) refer as the kitchen sink model. The forecasting performance is evaluated based on the out-of-sample MPSE and percentage defined as the ratio of the MPSE of a particular method relative to that of OLS. The tuning parameter for shrinkage estimators are automatically determined by 10-fold cross-validation with consecutive partitions in each estimation window.
The forecasting performance results are summarized in Table 3 . All three shrinkage methods can improve the OLS and RWwD benchmarks, and Alasso outperforms the others in most cases. In short-horizon (h = 1 12 ) prediction with 10-year rolling window, Plasso is the marginal winner. As the signal accumulates in the long-horizon prediction, Alasso achieves smaller MPSE. The exceptional case with 15-year rolling window and h = 1 is due to that Alasso fails to track the recovery trend Figure 1 , Plasso provides better forecasts during the periods after the financial crisis whereas Alasso gives the opposite prediction. With 10-year rolling window, all three methods fail to provide sound forecasts after the financial crisis. The financial crisis is such an unprecedented event in the given sample time period. We use the case with 10-year rolling window and h = 1 as an example and plot the estimated coefficients in Figure 2 . The unstable nature of the predictive model is clear. The shrinkage methods select different variables as the estimation windows roll over. Alasso eliminates more variables than Plasso and Slasso do and hence suggests more parsimonious models. Similar patterns appear in other cases.
In terms of prediction performance, it is known that eliminating irrelvant predictors is more important than including relevant ones, see Ploberger and Phillips (2003) , for example. Inclusion of the irrelevant predictors could be detrimental in forecasting contexts, and including irrelvant I(1) predictors in predictive regression can be extremely harmful since stock returns are supposed to be stationary. In this sense, Alasso can provide a more conservative variable selection in predictive regression.
Conclusion
We explore a few popular LASSO-type procedures in the presence of stationary, nonstationary and cointegrated predictors. Similar issues raised by Zou (2006) are confirmed within this environment. Alasso is promising even with time series regression with mixed roots. In addition to the well known benefit of Alasso-ability to differentiate the penalty structure according to zero and nonzero regression coefficients, we show that the adaptiveness is extended to the order of integration of predictors-I(0), I(1) or cointegration. In this sense, Alasso is rate-adaptive to a system of multiple predictors with various degrees of persistence, unlike the conventional LASSO that imposes the penalty based only on the marginal variation of each predictor.
Alasso saves the effort to sort out the predictors according to their degrees of persistence so we can be agnostic to the time series properties of predictors. The automatic penalty adjustment of Alasso guarantees consistent model selection and optimal rate of convergence. Such desirable properties may in practice improve the out-of-sample prediction performance under the complex predictive environment with a mixture of regressors.
To focus on the mixed root setting, we adopt the simplest asymptotic framework with fixed p and n → ∞ to demonstrate the clear contrast amongst OLS, Alasso, Plasso and Slasso. This asymptotic framework is in line with the-state-of-art of the predictive regression study in financial econometrics (Kostakis et al., 2014; Phillips and Lee, 2016; Xu, 2018) . On the other hand, a large number of potential regressors are available in the era of big data. The practice demands an extension to allow an infinite number of regressors in the limit. As the restricted eigenvalue condition (Bickel et al., 2009 ) is unsuitable in our context where the nonstationary part of the Gram matrix does not degenerate, in future research we will seek new technical apparatus to deal with the minimal eigenvalue of the Gram matrix of unit root processes in order to generalize the insight gleaned from the fixed-p asymptotics to diverging p. 
A Technical Appendix

A.1 Proofs in Section 2
Proof. [Proof of Theorem 2.1] We modify the proof of Zou (2006, Theorem 2). Let β n = β * n + n −1 v be a perturbation around the true parameter β * n , and let
The first and the second term in the right-hand side of (21) converge in distribution, X X n 2 =⇒ Ω and
x i· u i =⇒ ζ, by the functional central limit theorem (FCLT) and the continuous mapping theorem. The third term involves the weight τ j = | β ols j | −γ for each j. Since the OLS estimator n β ols − β * n =⇒ Ω −1 ζ = O p (1), we have
for all j. If β 0 * j = 0, as the β * jn dominates n −1 v j for a large n,
(22) and (23) now imply
by the given rate of λ n . On the other hand, if β 0 * j = 0, then (|β
since λ n n γ−1 → ∞ and the OLS estimator is asymptotically non-degenerate. Thus we have V n (v) =⇒ V (v) for every fixed v, where
Both V n (v) and V (v) are strictly convex in v, and V (v) is uniquely minimized at
Applying the Convexity Lemma (Pollard, 1991), we have
The first part of the above result establishes Theorem 2.1(b).
Next we show variable selection consistency. We have P (M * ⊆ M n ) → 1 immediately follows from the first part of (26), as v (n) M * converges in distribution to a non-degenerate continuous random variable. For those j ∈ M * c , if the event {j ∈ M n } occurs, then the Karush-Kuhn-Tucker (KKT) condition entails
Notice that on the right-hand side of the KKT condition
from the given rate condition. However, using y = Xβ * n + u and (26) at the left-hand side of (27), we have
where Ω j· is the j-th row of Ω. In other words, the left-hand side of (27) remains a non-degenerate continuous random variable in the limit. For any j ∈ M * c , the disparity of the two sides of the KKT condition implies
We thus conclude the variable selection consistency P ( M n = M * ) → 1.
Proof. [Proof of Corollary 2.3] The proof is a simple variant of that of Theorem 2.1 by setting τ j = 1 for all j. For Part(a), the counterpart of (21) is
For a fixed v j and a sufficiently large n,
Since λ n /n → 0, the effect of the penalty term is asymptotically negligible. We have V n (v) =⇒ V (v) for every fixed v, and furthermore V (v) = v Ωv − 2v ζ. Due to the strict convexity of V n (v) and V (v), the Convexity Lemma implies
In other words, the LASSO estimator has the same asymptotic distribution as the OLS estimator.
For Part (b), as λ n /n → c λ ∈ (0, ∞), the effect of the penalty emerges as
The conclusion of the statement again follows by the Convexity Lemma.
For Part (c), we define a new perturbation β n = β * n + λn n 2 v, and
If β 0 * j = 0, in the limit λn n 2 v is dominated by any β * jn = β 0 * j /n δ j given the rate λn n 2−δ → 0. For a sufficiently large n,
Notice that the scaled difference v (n) = λ −1 n n 2 ( β lasso −β * n ) can be expressed as v (n) = arg min v Ψ n (v). By the strict convexity of V n (v) and V (v) = v Ωv + D (1 p , v, β * 0 ), we invoke the Convexity Lemma to obtain
Proof. [Proof of Corollary 2.5] Slasso differs from Plasso by setting the weight τ j = σ j . For Part (a) and (b), we use the perturbation β n = β * n + n −1 v, and (9), the penalty term
. Part (b) follows by the same argument in the proof of Corollary 2.3(b), and Part (a) is simply the special case when c λ = 0.
Part (c) is also similar to the proof of Corollary 2.3(c) by introducing a new perturbation β n = β * n + λn n 3/2 v, and
Given the rate λ n /n 3 2 −δ → 0, for a sufficiently large n we have
, β 0 * , and the conclusion follows.
A.2 Proofs in Section 3
Derivation of Eq. (15) The columns in X + are a unit root processes with no cointegration relationship. Let the i-th row of X + be X
Using the component-wise BN decomposition, the scalar
− ε ui . Thus we have
On the right-hand side of the above equation
, and summation by parts implies
where ∆ +u is the corresponding submatrix of the one-sided long-run covariance and u
Combining these results, we have (15).
Proof. [Proof of Theorem 3.2] The OLS estimator
in which I(0) and I(1) components are separated. We have
Since
and
the conclusion follows by substituting (31), (32) and (33) into (30).
Proof. [Proof of Theorem 3.4] The basic idea of this proof is close to that of Theorem 2.1, but there are some delicacy in the details. Let θ n = θ * n + R −1 n v be a perturbation from θ * n , and
where R jn = (R n ) jj is the j-th diagonal element of R n . Define
The first term
by (31) and (33) as we have shown in the proof of Theorem 3.2. Similarly, the second term
We focus on the third term. Theorem 3.2 and Remark 3.3 have shown the OLS estimator
for each j. Given any fixed v j = 0 and a sufficiently large n:
• For j ∈ I 0 ∪ C 1 , the coefficients are invariant with the sample size. If θ 0 * j = 0, we have (|θ * jn + n −1/2 v j | − |θ * jn |) = n −1/2 v j sgn(θ 0 * j ) , and
given the rate of λ n .
• For j ∈ C 2 ∪ I 1 , the coefficient θ * jn = θ 0 * j /n δ j depending on n, where δ j is the corresponding coefficient's diminishing rate to zero. If θ 0 * j = 0, then θ * jn dominates n −1 v j in the limit. We have (|θ * jn + n −1 v j | − |θ * jn |) = n −1 v j sgn(θ 0 * j ) = n −1 v j sgn(θ 0 * j ), and
by the same derivation in (24). On the other hand, if θ 0 * j = 0, then
according to the derivation in (25).
The above analysis indicates V n (v) =⇒ V (v) for every fixed v, where
. By the same argument about the strict convexity of V n (v) and V (v), we have v
The first part of the above result establishes Theorem 3.4(b), and it also implies P (M * ⊆ M n ) → 1.
For j ∈ M * c , if the event {j ∈ M n } occurs, then the KKT condition entails
We will invoke similar argument as in (28) and (29) to show the disparity of the two sides of the KKT condition. The left-hand side of (37) is the j-th element of the p×1 vector 2W (y −W θ Alasso ).
If we pre-multiply the diagonal matrix
where the last line follows by (34), (35) and (36). We thus verify the left-hand side of (37) is of O p (R jn ) as it is the j-th row of the p-equation system. Now if we multiply R −1 jn to the right-hand side of (37), we have
as γ ≥ 1 and λ n → ∞. We thus verify the right-hand side of (37) is of order bigger than O p (R jn ). It immediately follows that given the specified rate for λ n , for any j ∈ M * c we have
In other words, P (M * c ⊆ M c n ) → 1 or equivalently P ( M n ⊆ M * ) → 1. We therefore confirm the variable selection consistency.
Proof. [Proof of Corollary 3.7] For Part (a) and (b), let θ n = θ * n + R −1 n v for some v ∈ R p . Define
In view of (34) and (35),
Invoking the Convexity Lemma for both parts we obtain Part (a) and (b) by the same argument as in the proof of Corollary 2.3.
Part (c) needs more subtle investigation. Define
where R n = √ n λn R n . Multiply n/λ 2 n on both sides,
By the rate condition of λ n , the second term 2v R −1 n W u/λ n = o p (1) . Given v j = 0 and n large enough:
• If j ∈ C 2 ∪ I 1 , the coefficient θ * jn = θ 0 * j /n δ j may shrink faster than λn n 3/2 . The elementary inequality ||a + b| − |a|| ≤ |b| I (|b| ≥ |a|) + 3 |b| I (|a| < |b|) ≤ 3 |b| for any a, b ∈ R guarantees
which is dominated by D 1, v j , θ 0 * j in the limit if v j = 0 and θ 0 * j = 0. 
otherwise.
It implies that
The conclusion follows by combining (42) and (43).
Proof. [Proof of Corollary 3.9] For Part (a) and (b), when λ n = c λ ∈ [0, ∞), let θ n = θ * n + R −1 n v for some fixed v ∈ R p . Let 
We obtain By essentially parallel argument as in the proof of Corollary 3.7 (c), we can introduce anotheř λ n such thatλ n /n → 0 andλ n /λ n → 0 and derive that
The conclusion follows by collecting (45) and (46).
B Additional Simulations
B.1 More DGPs
In this section, we include two more DGPs to examine the forecasting performance and variable screening in the presence of autoregression.
DGP 3 (Unit root autoregression). Motivated by Caner and Knight (2013) proposing to treat the unit root test as a model selection problem by regressing ∆y i+1 on lags of y i , we use with the following DGP that extends their setting by including stationary regressors. The dependent variable is generated from a unit root autoregression y i+1 = y i + β * 1n x i + β * 2n x i−1 + 6 j=1 α * j z ij + u i , where x i is a random walk. The stationary regressors Z i = (z ij ) 6 j=1 follow a stationary VAR(2) borrowed from Koo et al. (2016, Section 5 .1) 7 . We include lag terms of y i as regressors. In the predictive regression, we use ∆y i+1 = y t+1 −y t as the dependent variable, and the regression equation is where (φ * , β * , α * ) = 0, 0,
, 1, 1, 1, 0, 0, 0 . Notice that y i and y i−1 are inactive cointegrated regressors and this DGP also employs mixed roots and cointegration.
DGP 4 (Stationary autoregression). In addition to including lags of y i , it is also a common practice to accommodate lags of predictors in predictive regressions, for example Medeiros and Mendes (2016) . We employ the following DGP in which a stationary autoregression generates the dependent variable i1 and x c i2 are generated by x c i2 = x c i1 − µ i where x c i1 is a random walk and µ i is a stationary AR(1) process with AR(1) coefficient 0.4. x i follows a random walk. z i1 ,z i2 and z i3 are three independent AR(1) processes with AR(1) coefficients 0.5,0.2 and 0.2, respectively. The results summarized in Table 4 and 5 are similar to that in DGP 2, which demonstrates the merits of Alasso in the presence of autoregression. 
